Abstract Axons of retinal ganglion cells establish orderly projections to the superior colliculus of the midbrain. Axons of neighboring cells terminate proximally in the superior colliculus thus forming a topographically precise representation of the visual world. Coordinate axes are encoded in retina and in the target through graded expression of chemical labels. Additional sharpening of projections is provided by electric activity, which is correlated between neighboring axons. Here we propose a quantitative model, which allows combining the effects of chemical labels and correlated activity in a single approach. Using this model we study a complete structure of two-dimensional topographic maps in mutant mice, in which the label encoding the horizontal retinal coordinate ephrin-A is reduced/eliminated. We show that topographic maps in ephrin-A deficient mice display a granular structure, with the regions of smooth mapping separated by linear discontinuities reminiscent of fractures observed in the maps of preferred orientation.
various sensory inputs to the brain (Swindale, 2001) . For example, the two-dimensional surface of the retina is represented continuously in mammalian superior colliculus (SC). To implement this topographic mapping retinal ganglion cell (RGC) axons reach SC and terminate according to the coordinates of their origin in retina. Studies of topographic map development have focused on understanding the mechanisms underlying the geometrically precise sorting of RGC axons in SC (Ruthazer and Cline, 2004) .
Many factors contribute to the formation of precise topographic maps. Following the original chemoaffinity hypothesis of Sperry (1963) , a variety of chemical labels were discovered that encode reciprocal coordinates in retina and SC (Drescher et al., 1997; Pasquale, 1997; Flanagan and Vanderhaeghen, 1998; O'Leary and Wilkinson, 1999) . Thus, the nasal-temporal (NT) axis in retina is encoded by graded expression of EphA receptor tyrosine kinases by RGC axons. The recipient rostral-caudal (RC) coordinate in SC is established by graded expression of ephrin-A ( Fig. 1(A) ), which can bind and activate EphA receptors and transmit to RGC axons information about their position in SC. A similar chemical marking system, involving an EphB/ephrin-B receptor/ligand pair, exists for the mapping of dorso-ventral (DV) axis of retina to the medial-lateral (ML) direction of SC ( Fig. 1(B) ). The two approximately perpendicular expression profiles appear to be in place to determine the correct termination sites of RGC axons (Frisen et al., 1998; Brown et al., 2000; Feldheim et al., 2000; .
The precision of axonal projections is further enhanced through mechanisms based on correlated neural activity (Constantine-Paton et al., 1990; Debski and Cline, 2002) . Due to the presence of retinal waves during development electric activity is similar in RGC axons neighboring in retina (Meister et al., 1991; Katz and Shatz, 1996; McLaughlin et al., 2003b) . Correlated activity therefore provides The range of attraction (purple region) is controlled by an average overlap between recipient dendritic arbors (gray). (D) Single axons follow the gradients of chemical labels (Tessier-Lavigne and Goodman, 1996) , optimizing their affinity to the target. We assume that the entire system of axons representing retinocollicular mapping follows the gradient of generalized adhesive energy. The profile of the adhesive energy (blue line) has a minimum for the ordered topographic map. This description is necessary, since axons compete with each other, which makes singleaxon description inaccurate. (E) Colormap show axonal origins used in (F-H). The red disk represents the origins of subset of labeled axons with their projections shown as red dots in (F-H). (F-H) Activity sharpens retinocollicular projections by inducing attraction between axons neighboring in retina (red dots). Stronger activity leads to more precise connectivity (G to H). t, n, r, c, d, v, l, and m stands for temporal, nasal, rostral, caudal, dorsal, ventral, lateral, and medial correspondingly additional information about axonal geometric origin in retina and contributes to the precision of topographic projection (McLaughlin et al., 2003b) .
The layout of connectivity shown in Fig. 1 (A) implies repulsion between EphA expressing axons and ephrin-A rich regions of SC . If a repulsive effect of ephrin-A exists, why do not all axons terminate in rostral SC, where the density of repellent is minimal ( Fig. 1(A) ) (Ruthazer and Cline, 2004) ? According to the competition hypothesis, axons are distributed along the RC axis by mutually exclusive interactions, which limit the number of axons terminating in a fixed volume of the target (Prestige and Willshaw, 1975; Hope et al., 1976; Fraser and Hunt, 1980; Feldheim et al., 2000; Feldheim et al., 2004; Reber et al., 2004) . Similarly, correlated gradients of EphB and ephrin-B along the ML direction ( Fig. 1(B) ) suggest affinity between RGC axons and ephrin-B ligand-rich areas (O'Leary and Wilkinson, 1999) , which is counterbalanced either by the bifunctional action of ephrin-B ligands on axons (McLaughlin et al., 2003a) or by axonal competition for space . In both RC and ML cases competition between axons emerges as an important mechanism involved in map formation.
In this study we combine the three factors of retinocollicular map development, chemoaffinity, activitydependent refinement, and competition, in a single quantitative model. We suggest that the entire system of axons follows a gradient of the adhesive energy function, similarly to a single isolated axon following the gradient of chemical labels (Tessier-Lavigne and Goodman, 1996) . We formulate the adhesive energy function in terms of known molecular interactions in Eph-ephrin pairs. This allows us to analyze the map formation under various genetic conditions with altered chemical label expressions. We apply our model to maps in ephrin-A deficient mice (Frisen et al., 1998; Feldheim et al., 2000) , in which the chemical signal is reduced along one direction. We reproduce experimental observations, which involve tracing a limited number of RGC axons from retina to SC. In addition, the use of a computational model allows us to reconstruct complete connectivity between model retina and SC and fully visualize the topographic map in ephrin-A deficient mutants. We show that the topographic map under the influence of conflicting requirements of chemoaffinity and correlated activity carries features reminiscent of mappings in higher visual areas, such as preferred direction and orientation maps (Swindale et al., 1987; Bonhoeffer and Grinvald, 1991; Blasdel, 1992) . Our study helps to understand the interactions between different factors contributing to topographic map formation and suggests further experimental tests.
Description of topographic map development on the basis of an energy function was introduced by Fraser and Perkel (1990) before ephrins were known to play essential role in topographic mapping. Fraser and Perkel (1990) considered the map configuration when the global positioning cues are removed from their model and obtained local clustering of axons based on their origin in retina. This clustering may be due to the activity-dependent contribution and local chemical cues present in their model. A number of questions pertaining to the ephrin-A knockouts remained unanswered in Fraser and Perkel (1990) . For instance, does the removal of positional cues along one direction (TN) lead to disordered maps or the global ordering can be recovered due to activity-dependent mechanisms? Should one expect topographic errors in the perpendicular (DV) direction? Does local clustering lead to the formation of smooth domains with discontinuous boundaries? Do focal retinal injections lead to multiple focal spots in SC? What are the effects of partial removal of positional cues, such as in ephrin-A heterozygotes? These questions are addressed in the present study.
Methods

Chemospecificity model
Topographic map in SC has a columnar organization, similar to visual maps in cortex. This implies that the cells from different layers in SC but the same coordinates in LM and RC axes respond to stimuli from similar locations in the visual world (Drager and Hubel, 1975) . To reflect this organization we represent SC by a square array N by N (N = 100) microcolumns, which are the termination sites for RGC axons. Each microcolumn is assumed to include multiple collicular cells. The cells within each microcolumn are assumed to respond to similar locations in the visual world.
When representing the distribution of axonal terminals in SC the competition between axons for geometric space and/or limiting factors in the target should be taken into account. Axonal competition results in equal representation of the RGC axons in SC. This implies that each axon occupies the same area in the target as other axons. Equal representation is implicitly confirmed by the whole eye fills with fluorescent cholera toxin β subunit that yield roughly uniform axonal projection density in SC in both wild-type and mutant animals (Feldheim et al., 2000) . To represent competition in this model we assume that each microcolumn can be occupied by one and only one RGC axon. The area occupied by each axon is then equal to the size of the termination site. Since the dimensions of all termination sites are equal this yields equal representation. Therefore, retina is represented in our model by the square N by N array of RGC that matches the dimensions of SC array. Note that each axon can arborize in the microcolumn and make synapses with more than one cell within single termination site. The details of axonal arborization within the microcolumn are beyond the scope of this study, since the main focus here is on the overall structure of the topographic map.
To implement chemospecificity, each axon is characterized by the available levels of EphA/B receptors R A/B and each terminal site is described by an available concentration of ephrin-A/B ligands L A/B . The axonal EphA receptor binding to ephrinA ligand initiates the intracellular mechanisms that lead to axonal retraction. In our model the retraction strength is proportional to the amount of bound receptor and in the first approximation is given by the product of available receptor and ligand concentrations (mass action law). Furthermore, we assume that overall retraction strength of all RGC axons is stochastically minimized during the map formation. Thus this interaction results in minimization of the total amount of bound receptor of all the axons, given by
where the sum is assumed over all axons numbered by index i terminating at positions r i in SC. Similarly, the interaction of EphB and ephrinB which establishes the topography in DV direction is assumed to be given by the mass action law too. However, we assume chemoattraction for EphB/ephrinB pair, thus this interaction maximizes the amount of bound EphB receptor, i R B (i)L B ( r i ). The map configuration with minimum amount of bound EphA receptor and maximum amount of bound EphB receptor corresponds to the perfect topographic map in the case of complementary EphA/B and ephrinA/B gradients. These two mechanisms combined lead to the minimization of the following chemical adhesive energy
Here α and β are parameters describing the strength of contributions from binding of EphA and EphB receptors respectively. Using mass action law to describe behavior of the system of axons, not the molecules, is one of the assumptions of this model. Coefficients α = β = 120 are chosen to match experimentally observable projection diameter of a group of neighboring RGCs that is about 30-40% of SC in the absence of correlated activity (McLaughlin et al., 2003b) ( Fig. 1(F) ). The mapping precision in the absence of correlated activity obtained in this model is discussed below in this Section. The concentration profiles of the available receptor in retina and available ligand in the SC are the input parameters of the model and are adopted from the experimental data. The simulations of the topographic map development for different mutants differ only in the density profiles R A and L A . These distributions incorporate the density profiles of all types of Eph receptors and ephrin ligands. We neglect the differences in the interaction strength between different receptors (EphA5, EphA6, etc.) and different ligands (ephrinA2, ephrinA5). Thus, we use the sum of them to obtain receptor and ligand concentrations in both retina (R retA , L retA ) and SC (R collA , L collA ).
Our model includes masking of retinal receptors by retinal ligands and of collicular ligands by collicular receptors. Masking occurs when the same cell expresses both receptor and ligand, which bind each other without interactions with another cell. For RGCs, receptor molecules bound by ligands on the same cell (masked) are assumed not to participate in recognition of the extracellular levels of ligand. The level of receptor available for binding to ligands on another cell is therefore reduced. The simplest form of this reduction adopted here is a subtraction of the level of ligand on RGC axons from the level of receptor.
Collicular cells also express both their primary signaling molecules used for guiding the RGC axons (ephrin-A ligands) and EphA receptors. The level of ephrin-A available for signaling by the collicular cells is masked. To obtain the level of ligand available for signaling we subtract the level of collicular receptor form the level of ligand as shown in Fig.  3 (A). Figure 3 (A) shows that biological roles of masking may include sharpening the gradient of receptor available for binding and making the gradient more uniform, as evident from the comparison of the unmasked (Fig. 3(A) , top) and masked ( Fig. 3(A) , bottom) ligand profiles. In mutant animals however the concentration of signaling molecules is reduced. It is possible therefore that the level of masking receptor exceeds the level of ligand in some parts of colliculus. This condition is called overmasking in this study. In these cases, the expression level of ligand available for signaling becomes zero. To generalize these assumptions in evaluating the levels of collicular ligand and retinal receptor available for signaling we used the formulas
Here the threshold-linear masking function is [R] + = R for R ≥ 0 and [R] + = 0 for R < 0. These formulas account for masking of collicular ligand by collicular receptor and of retinal receptor by retinal ligand (Feldheim et al., 2000) . The available receptor and ligand concentration profiles used in the simulations are shown graphically at each figure (see Results).
The concentrations of signaling molecules R retA and L collA are adopted from experimental data Reber et al., 2004) , while the masking levels L retA and R collA in the wild-type animals are selected not to exceed at any point signaling concentrations (no overmasking in the wild-type). Namely, in the wild-type conditions the receptor expression levels by the axons is R ret A (x) = exp(−x/N ), where x = 1..N is the TN coordinate in retina Reber et al., 2004) . The total concentration of retinal ligand is taken to be L ret A (x) = exp(x/N − 2). The concentration of ligand and receptor in SC is L coll A (x) = exp(x/N − 1) and R coll A (x) = exp(−1 − x/N ) respectively. The levels of primary signaling molecules R retA and L collA are adopted from the experimental data , while the masking concentrations L retA and R collA are chosen to avoid overmasking, i.e.
To model maps in ephrin-A2/A5 knockouts we represent the net ligand level in the colliculus as a sum of two contributions: Tracing of connections originating from a circular region in temporal retina (inset) produces patchy clusters in SC similarly to Feldheim et al. (2000) . Comparison to (B) shows that these clusters correspond to three granules originating from a blue region in the retina. (D) Nasal connections terminate in four disconnected clusters. These clusters correspond to four yellow granules in (B). Loss of DV precision in the mapping is apparent. (E) Due to lack of chemical labels in TN direction global minimum of the adhesive energy, corresponding to the ordered map, is obscured by local minima (blue line). Mapping terminates in one of this minima leading to the lack of global order. Three different disordered maps result from restarts of minimizing procedure from random initial conditions. (F, G) Paired retinal injections lead to paired clusters in SC (circled) reflecting local topography (Frisen et al., 1998) and peaks at about x = 0.7 N (Frisen et al., 1998; Feldheim et al., 2000) . The masking level of ligands in retina is given by the same expressions, divided by a factor of exp(1) to prevent overmasking in the wild type conditions. To model ephrin-A2/A5 knockouts the individual expression levels of these ligands are multiplied by a factor of 1/2 and 0 in heterozygous and homozygous conditions respectively in both retina and SC. The expression levels of EphB in retina and ephrinB in SC are assumed to be R B (y) = L B (y) = exp(y/N − 1), where y is the DV/LM coordinate. No masking in the DV/LM direction is assumed for simplicity. The concentrations of available chemical labels are shown in the figures, when appropriate.
Map precision in the absence of correlated activity
In the absence of correlated activity the precision of mapping is determined by the coefficients α and β for a given receptor and ligand concentration profiles. Indeed, our minimization procedure (see Minimization Procedure in Methods) yields the probability distribution of the final map configuration proportional to exp( − E). This probability distribution has a maximum at the minimum of the adhesive energy function that corresponds to the perfect map. Deviations from the perfect map lead to an increase in the cohesive energy. The probability of the mapping error of each individual RGC axon is determined by the increase 
2 , where we assumed a constant gradients within distance x. Then the energy increase associated with individual mapping error is given by E(x) = E/2. Finally, the probability distribution of the mapping error x is proportional to exp (− E(x) 
2 /2) and the diameter of projection (twice the standard deviation) is
This equation was confirmed by an independent calculation involving the stability conditions for the probability distribution, which is beyond the scope of this paper. For the distribution of receptor and ligand gradients, ∇R A and ∇L A , used in this study and for α = 120 this equation yields
Activity-dependent contribution
Here we show that assuming Hebbian plasticity the contribution to adhesive energy between the system of RGC axons and their targets due to correlated activity is described by pair-wise attraction in the form
Here γ = 1 describes the overall strength of this contribution, C ij is cross-correlation of electric activity between Springer two cells, U is the form-factor of attraction. In this study we adopt C ij = exp( − r/R), where r is retinal distance between axons i and j, R = 0.11 N as obtained from the fit to crosscorrelation due to retinal waves (McLaughlin et al., 2003b ) . We show below that the form factor U is given by overlap of dendritic arbors. Thus we take it in the Gaussian form U (r ) = exp(−r 2 /2d 2 ), d = 3. Activity-dependent contribution arises from Hebbian plasticity which is driven by correlations in activities between RGCs and postsynaptic collicular cells. Total retinal input at point r in SC is determined by retino-collicular synaptic weights w i ( r ) and axonal activity a i through
is the net weight from RGC axon j to the collicular cell at point r . According to Hebbian rule the change in this weight is proportional to correlator between activities in this cell and the presynaptic cell
The last equation interprets the weight adjustment as a gradient descent in E act . Solving Eq. (3) for E act we obtain
which leads to (2) assuming w i ( r ) = δ r r i , i.e. discrete axons, C i j = a i a j , and
This implies that the form-factor of axonal interactions in (2) is given by overlap of dendritic arbors.
The minimization procedure
We implement an algorithm similar to Metropolis Monte-Carlo scheme (Koonin, 1986) . The details of the procedure were described earlier Tsigankov and Koulakov, 2004) . In rodents primary axons originating from a focal source in the retina initially cover virtually the entire SC (McLaughlin and O'Leary, 2005) . Their secondary branches are initially produced in a broad distribution over the length of primary axons. Therefore, the endpoints of the secondary branches originating from topographically proximal locations in the retina are initially distributed over a wide area in SC. The slight bias in the distribution of de novo secondary branches at the location of correct TZ observed between P1 and P4 (McLaughlin et al., 2003b ) may both be due to a topographic bias in the branch formation or a result of the incomplete map refinement discussed here. The broad initial distribution in SC of the secondary branches originating from topographically similar locations implies that the initial map is close to random. To capture this feature of the map development we start from a random map. On each step of the algorithm we choose two not necessarily adjacent axons in SC randomly and exchange them with probability p = 1/[1 + exp ( E)], where E is the change in adhesive energy due to the exchange. The probability of performing exchange is thus higher than the probability of rejecting it if the adhesive energy is lowered, i.e. E < 0, leading to stochastic minimization of E. This step is repeated 10 7 times. The stopping criterion is chosen in such a way that in the wild-type case the system reaches thermodynamic equilibrium. As a measure of equilibrium we have chosen the stabilization of the precision of the wild-type map. Namely, we found that 10-fold increase of the number of steps from 10 6 to 10 7 iterations increases the map precision from 4.5 to 4% as determined from its standard deviation. Since no significant change in the wild-type map is expected after this number of iterations, the stochastic simulation was performed using 10 7 steps. The same number of steps is used for the simulations in the case of mutant distribution of chemical labels. This choice is based on the assumption that the map development lasts the same amount of time in both wild-type and mutant animals. We have verified that the final map configuration in the mutant case does not depend on the stopping criterion but rather depends on the initial conditions. In particular, we have observed that the pattern of the domains in the knockout conditions is formed after about 10 6 steps and remains approximately unchanged for the remaining duration of the simulation. This observation implies that the map is stuck near one of the local minima where the local equilibrium is reached during the simulation, while the transitions from one minimum to another were not observed for the largest achievable stopping criterion. Therefore, in the case of the ephrinless mice, the system does not reach the global equilibrium neither with the use of this stopping criterion nor the larger criteria due to the presence of the set of local energy minima. We argue however that the stopping criterion used here corresponds to the realistic end-point of biological development as determined in the wild-type conditions.
Results
We briefly introduce our model here to make the results clear. Our approach is based on optimization of adhesive energy between the system of RGC axons and their targets (Fraser and Perkel, 1990; Koulakov and Tsigankov, 2004 ). Adhesive energy describes both the energy of direct chemical binding Springer in Eph/ephrin receptor/ligand pairs and the indirect effects of receptor activation and correlated activity. Because binding energy is expected to be minimal in the most stable axonal configuration, the adhesive energy is minimized in our approach (Fig. 1(D) ). The minimum of the total adhesive energy corresponds to the maximum of the total affinity of axons to their targets as was proposed by Sperry (1963) .
Adhesive energy includes the energy associated with both chemical binding and activation of Eph/ephrin receptor/ligand pairs and the correlated-activity dependent contribution
Because activity block (E act = 0) spares crude topographic ordering (Debski and Cline, 2002 ; McLaughlin et al., 2003b; Ruthazer and Cline, 2004) , presumably due to remaining chemical labels (Ephs and ephrins), we choose an additive form of energy function. Thus, either chemoaffinity or correlated-activity (see below) is needed to establish topographic ordering. The chemoaffinity contribution (E chem ) results from the binding and activation of Eph receptor by ephrin ligands. We first describe the contribution from the EphA/ephrin-A pair. For each RGC axon the contribution to the chemical adhesive energy E chem is given by the law of mass action (Goodhill and Richards, 1999 ) E chem = α R A L A , where R A is the level of available EphA receptor on this axon and L A is the level of available ephrin-A ligand at the termination site (Goodhill and Richards, 1999; Koulakov and Tsigankov, 2004) . To minimize the contribution to the adhesive energy, axons move to a position with a lower ligand level L A since the concentration of receptor RA is fixed for each axon. Minimization of E chem thus results in chemorepulsion between RGS axons and ephrin-A expressing regions in SC.
To prevent all axons from terminating at the position with the lowest value of the ligand (rostral) we include the competition between axons for space (Prestige and Willshaw, 1975; Hope et al., 1976; Fraser and Hunt, 1980; Feldheim et al., 2000; Feldheim et al., 2004; Reber et al., 2004) . Such competitive interactions may arise due to limiting trophic factors in the target and/or direct axon-axon repulsion (Feldheim et al., 2000) . We employ the simplest model for competition in which each axon can occupy a fixed volume in SC. This model is appropriate because whole eye fills with fluorescent cholera toxin β subunit yield roughly uniform axonal projection density in SC in both wild-type and mutant animals, which implies a constant volume per axon (Feldheim et al., 2000) . The problem of axonal sorting in SC becomes more intricate in the presence of competition. Since axons cannot all terminate in rostral SC, where the density of repellent is minimal, axons with high receptor levels (temporal) push axons with lower receptor levels (nasal) up the gradient of ligand into caudal SC. Thus, competitive interactions lead to the establishment of correct topographic ordering ( Fig. 1(A) , (F)) (Feldheim et al., 2000; Feldheim et al., 2004) . Similarly, in the perpendicular DV/LM direction ( Fig. 1(A) ) chemoattraction in the EphB/ephrin-B pair results in RGC axons with a high level of EphB receptor (ventral) terminating medially in the high density of ephrin-B ligand, therefore pushing dorsal axons, which are attracted less strongly to ephrin-B, into lateral SC. We do not assume binding between EphA/B receptors and ephrin-B/A ligands respectively (Gale et al., 1996a, b; Bergemann et al., 1998; Flanagan and Vanderhaeghen, 1998; Himanen et al., 2004 ) (see Methods for more detail).
The remaining part of Eq. (6) describes the correlatedactivity dependent contribution, which we derive in Methods from the Hebbian learning rule. According to our calculations, Hebbian plasticity leads to the attraction in SC between axons that carry correlated electric activity i.e. originate from neighboring points in retina. We illustrate the correlated activity dependent attraction in Fig. 1(C) . When two axons with correlated activity terminate on the same dendrite they drive postsynaptic cell effectively leading to reinforcement of their connections through Hebbian mechanisms (Hebb, 1949) . Alternatively, when two axons terminate on different dendrites their terminals are not reinforced by Hebbian mechanisms. Thus, Hebbian rule favors proximal positioning of coactive axons (Constantine-Paton et al., 1990; Shatz, 1996) , which implies attraction. Such an attraction is described by two parameters in our model. The overall strength of attraction is characterized by coefficient γ (γ = 0 implies no attraction, Fig. 1(F) ), while the average range of axonal interactions (purple region in Fig. 1(C) ) is determined by the dimensions of recipient dendritic tree in SC.
From the standpoint of topographic projection, affinity of correlated axons to each other implies a more precise mapping. Indeed, in Fig. 1(G) and (H) axonal terminals originating from close points in retina (red dots) are attracted to each other in SC leading to a more compact positioning and, therefore, a more precise map. Our model captures a topographic map refinement that depends on correlated neural activity.
The final output of our model is the complete topographic map from retina to SC. To obtain the map we stochastically minimize total adhesive energy (6) with respect to the set of axonal termination coordinates (Fig. 1(D) ). Details of the numerical algorithm are described in Methods. Such an optimization can be performed for any distribution of chemical markers (Ephs and ephrins). We next examine maps in conditions when the wild-type distribution of chemical markers is altered by genetic manipulations.
When one of the chemical markers (ephrin-A) is completely eliminated in our model (Fig. 2) the map is no longer continuous. Instead, the map consists of locally smooth domains separated by linear discontinuities, reminiscent of fractures observed in the maps of preferred orientation and direction in visual cortex (Swindale et al., 1987; Bonhoeffer and Grinvald, 1991; Blasdel, 1992) . Similarly to the orientation fractures, the linear singularities in the topographic maps are characterized by the discontinuous change in the parameter of the map. Thus, in the case of the fractures in the orientation maps the preferred orientation experiences an about 90 degree jump at the fracture. The linear singularities observed here are associated with a discontinuous change in the retinal coordinate. In contrast to orientation fractures, linear singularities in the topographic maps have differing displacement of the retinal coordinate associated with them, as shown in (Fig. 2(D) ). Two neighboring domains in SC may be from extreme distal or proximal positions in retina.
The emergence of smooth domains is induced in our model by the activity-dependent refinement of the map, which leads to attraction between axonal terminals with close retinal coordinates. Correlated activity provides local refinement of the map that yields ordered local domains. However since activity-dependent attraction has a finite range in our model, it cannot induce a global sorting of axons. In wildtype conditions, such global ordering is provided by chemical cues (ephrins). In the absence of chemical cues along TN axis (Fig. 2) , nothing enforces global ordering in that direction resulting in domain arrangements that are determined by random factors (Fig. 2(E) ).
We now compare our result with the observations in homozygous ephrin-A2/A5 − / − knockout mice (Feldheim et al., 2000) , in which almost all chemical labels acting along TN axis are eliminated. Focal Dil injections in retina always resulted in the labeling of discrete puncta in SC in these mutants. In our model, tracing the terminals of RGC axons originating from proximal retinal positions results in labeling of focal clusters in SC (Fig. 2) in agreement with experimental findings in Feldheim et al. (2000) . We observe 1-5 disconnected clusters depending on the size of the traced axonal pool. In view of the granular map structure in (Fig.  2(D) ), this suggest the existence of granules of smooth mapping separated by linear position fractures in mutant ephrin-A2/A5 − / − mice.
Similarly to Feldheim et al. (2000) , maps in ephrin-A2/A5 − / − conditions display significant errors in the perpendicular DV/ML direction. These errors are not induced by interactions between ephrin-A ligands and EphB receptors, since such interactions are not present in our model [Model section, Eq. (1)]. Instead, DV topography appears to lack activity-dependent refinement pertinent to the wild-type conditions, since interactions between neighboring domains are negligible in fractured maps. This is because axons in neighboring domains come from distal points in TN direction in retina, and their activity-dependent correlations are negligible. Consequently, although topography is precise inside domains, their relative arrangement is not affected by activity-dependent refinement. The remaining crude DV topography is established due to the presence of EphB/ephrin-B chemical markers in ephrin-A knockouts.
We next examine conditions when ephrin-A is partially reduced in SC (Frisen et al., 1998; Feldheim et al., 2000) . To understand these results we include masking of ephrin-A level by EphA receptor expressed in SC. This implies that the ephrin-A level available to convey positional signal is reduced by the presence of collicular EphA receptors (Fig. 3(A), (B) ). A similar phenomenon is observed in RGCs (Connor et al., 1998; Hornberger et al., 1999; Feldheim et al., 2000) . In the wild type mice, masking leads to steepening of the ligand gradient (Fig. 3(A) ) (Feldheim et al., 2000) .
In ephrin-A2/A5 + / − mice, the level of ligand is reduced by a factor of two compared to the wild type. This creates the potential for overmasking, which arises when the level of compensating receptor is higher than the level of ligand. This condition is similar to the loss of outgrowth sensitivity by temporal RGC axons with overexpressed/added ligand as seen in striped assays (Ciossek et al., 1998; Hornberger et al., 1999) . The same condition can be met in rostral SC, where the density of ligand is minimal (Fig. 3(B) ). In case of overmasking, there is very little ligand in rostral SC available for positional signaling (Fig. 3(B) ), similarly to complete ephrin-A knockouts (Fig. 2(D) ). The topographic map becomes hybrid: it is ordered in caudal SC as in the wildtype and is disordered in rostral SC as in homozygous knockouts (Fig. 2(D) ). Naturally, focal retinal injections lead to multiple puncta in rostral SC and single focal spots in caudal SC (Fig. 3(E)-(G) ), as observed experimentally (Feldheim et al., 2000) . The overmasking phenomenon can also account for phenotypes observed in ephrin-A2 − / − and ephrin-A5 − / − knockout mice (Figs. 4 and 5) .
We also examined an alternative to overmasking mechanism for generating disordered maps in temporal retina (rostral SC) but not in nasal retina. This mechanism relies on a smaller gradient of ligand in rostral SC, which could lead to emergence of disordered maps in the knockout conditions. We found that this mechanism can be implemented in a narrow range of parameters and requires a significant inhomogeneity in the ligand gradient. This mechanism is thus less likely to occur in animals than overmasking.
We examined the dependence of the layout of the topographic maps on the radius of intracollicular interactions inducing Hebbian plasticity. Up to this point this parameter was assumed to be equal to d = 3 [3% of the SC dimensions, see Methods, Eq. (2)]. This choice was dictated by the number of focal clusters observed in the SC after anterograde labeling of the single patch in retina in the ephrin-A deficient mice (Feldheim et al., 2000) . In Fig. 6 we show the maps produced by our model in ephrin-A − / − conditions for a larger extent of the Hebbian interactions (d = Complete map structure in a homozygous ephrin-A5 − / − conditions. The remaining ligand (ephrin-A2) is peaked in SC (Frisen et al., 1998; Feldheim et al., 2000) . Frisen et al. (1998) . (B) Anterograde injection into temporal retina (inset) show dual focal terminations in rostral and additional scattered terminations in caudal SC (arrow). The latter are observed in Frisen et al. (1998) and in about 30% of our simulations Fig. 6 Topographic maps in ephrin-A − / − mutant conditions with an increased radius of intracollicular interactions (d = 10% of the map dimensions) may display wild-type structure. In about 60% of cases we observed normal of flipped maps (A and B respectively). In 30%/10% of cases our simulations revealed two/three domains separated by one/two linear singularities (C and D) 10, meaning 10% of the map dimensions). We observe a significant reduction in the number of smooth domains. In most of the cases (60%) we observe a single domain spanning the entire map with no discontinuous interfaces. This result is surprising, since no global positioning cue is present to determine map ordering in the TN direction. Because of the lack of the global positioning cues, in half of cases with one domain present the map's orientation was flipped to the opposite (Fig. 6(B) ), due to random factors, such as initial conditions. We therefore observe the likelihood of 30% of a normal or flipped topographic maps formed (Fig. 6(A) and (B) respectively). In 30%/10% of cases our simulation resulted in maps with two/three domains present. We conclude that based on Hebbian plasticity alone topographic maps could display substantial robustness with respect to removal of the global positioning cues. This result may be relevant to maps in higher visual areas, such as primary visual cortex, in the ephrin-A deficient animals (see Discussion).
Discussion
We present a quantitative model which can account for the experimental observations of retinocollicular mapping in ephrin-A knockout mice (Frisen et al., 1998; Feldheim et al., 2000) . These experiments usually involve tracing a small group of axons from retina to SC. The use of computational techniques allows us to reconstruct a complete map structure and to observe intriguing details of RGC axon arrangement in the absence of the chemical cues. The main finding here is that retinocollicular mapping, dominated by the activitydependent mechanisms, lacks global ordering and contains domains of locally smooth mapping separated by linear singularities. These linear defects are similar to fractures in the orientation maps observed in higher brain areas, such as primate or feline primary visual cortex.
Comparison with other theoretical studies Development of sensory maps can be described by two methods. The first method involves specifying rules to be followed by axons and dendrites during development, such as the rules of interaction with chemical cues (Honda, 1998 (Honda, , 2003 Yates et al., 2004) , learning rules, etc. (Swindale, 1996) . The second strategy implements neural development as an optimization process. These two methods in many cases are found to be equivalent (Koulakov and Chklovskii, 2001; Chklovskii and Koulakov, 2004; Koulakov and Tsigankov, 2004) . Here we use the latter method for the following reason. Axons in developing nervous system are known to follow gradients of chemical labels (TessierLavigne and Goodman, 1996) thus optimizing their affinity to targets. The problem of retinotectal development involves competition between axons for space and/or positive factors, such as neurotrophins, in the target (Prestige and Willshaw, 1975; Hope et al., 1976; Fraser and Hunt, 1980; Feldheim et al., 2000 Feldheim et al., , 2004 Reber et al., 2004; Ruthazer and Cline, 2004) . This system cannot be modeled by considering single axons in isolation. A conventional method of dealing with a highly interacting system is to formulate an energy function, which determines its behavior. In application to topographic maps this was first accomplished by Fraser and Perkel (1990) and by the studies of competition models involving ephrins . We therefore suggest that the entire system of axons follows a gradient of the adhesive energy function, which is a more general formulation of the chemoaffinity principle.
The adhesive energy function used by Fraser and Perkel (1990) includes the competition term, the positionindependent adhesion between all cells in retina and SC, activity-dependent contribution, which reduces competition for terminals with coincident activity, and two chemoaffinity terms: global affinity to the target, and direct fiber-fiber attraction between axons emerging from the same point in retina. Our argument follows along the lines of Fraser and Perkel (1990) . For the chemoaffinity term we employ the model, which describes the known interactions between Eph receptors and their ligands, ephrins ). We do not include fiber-fiber interactions in this study. We derive the activity-dependent contribution from the Hebbian learning rules as an attractive force between axons with correlated activity (Methods). The position-independent attraction and competition terms are included in our model in the form of geometric constraints, such that each axon has to terminate in the target and form only one terminal. This assumption is made to speed up the convergence of the numerical algorithm.
Additive interaction between correlated activity and chemoaffinity-dependent contributions Our findings provide insights into the possible logic of interaction between chemical cues and activity-dependent mechanisms. Indeed, although activity block/reduction affects the precision of retinotectal/collicular mapping, rough topographic order is retained, presumably due to chemical cues (Debski and Cline, 2002; McLaughlin et al., 2003b) . Thus, chemospecificity alone is sufficient for establishing crude connection specificity. This is accounted for by the plus sign between correlated activity-dependent and activityindependent terms in Eq. (6), which implies that either the former or the latter suffice. However, if chemical labels are eliminated, as in experiments with ephrin-A knockout mice, presumably leaving the activity-dependent contribution intact, the resulting map appears to be random. This leads to an apparent contradiction with the additive logic of interaction between two factors. Here we resolve this apparent paradox.
We suggest that the map is not entirely random in ephrin-A knockouts. Correlated-activity based mechanisms refine the map locally, making the mapping topographically precise within the smooth domains. Some form of topography may therefore be produced by activity-dependent mechanisms alone. If the radius of activity-dependent interaction is large, as in Fig. 6 , the global topography may persist even in the absence of positional cues. Thus, either chemoaffinity or correlated activity are needed for the establishment of topographic maps, and the additive logic of interaction between two factors does not contradict the findings in ephrin-A deficient mice (Frisen et al., 1998; Feldheim et al., 2000) . Instead, chemospecificity and correlated activity may operate on different spatial scales; the former ensuring global ordering while the latter providing local refinement.
An alternative to our model uses multiplicative interactions between two factors (Whitelaw and Cowan, 1981) . Interestingly, such a model finds its correlates in hippocampus, where induction of long-term potentiation is found to be Eph/ephrin-dependent (Contractor et al., 2002) .
Mapping errors in the dorso-vertral direction Feldheim et al. (2000) show that removal of ephrin-A2/A5 ligands, which are thought to act as topographic labels along TN retinal axis, results in mapping errors in the perpendicular DV direction. Feldheim et al. (2000) suggest that these DV mapping errors may follow from interactions between EphB and ephrin-A families of labels, which are known to exist (Gale et al., 1996a, b; Bergemann et al., 1998; Flanagan and Vanderhaeghen, 1998 ). An additional support for this hypothesis comes from recent work (Himanen et al., 2004) , which shows that ephrin-A5 can bind and activate EphB2 receptor expressed in RGC axons. Our results suggest an alternative explanation to the topographic errors in DV direction. Our model does not include interactions between labels responsible for mapping in the TN and DV directions [Eq. (1), Methods]. Yet, results for ephrin-A knockout conditions display significant errors along DV direction (Figs. 2(D) , 3(E) and (F)), as observed experimentally Feldheim et al. (2000) . In our model these errors arise because activity-dependent refinement fails to act along DV direction due to disruption of neighborhood relationships in ephrin-A knockouts (see above). Hence, the design of our model helps distinguish two hypotheses for DV errors.
Experimental predictions
Our findings can be verified explicitly if the structure of topographic map in ephrin-A mutants is revealed by optical imaging of intrinsic signals (Schuett et al., 2002; Kalatsky and Stryker, 2003) . An alternative implicit verification of the presence of smooth domains in SC would result from an-terograde tracing of two or more groups of neighboring RGC axons by injecting more than one markers, such as Dil and DiAsp (Brown et al., 2000) , into the same retina. According to our results, these injections should cluster into closely positioned groups in SC (Fig. 2(G) ) if local topography is spared in ephrin-A mutants. Such experiments should tell if additive interactions between disparate factors are indeed involved in the formation of topographic maps.
We demonstrate that if the range of activity-dependent interactions reaches 10% of the dimensions of the target area, globally smooth topography can be recovered (Fig. 6) . This finding has interesting implications for the topographic maps in primary visual cortex in ephrin-A homozygous knockout (Cang et al., 2005) . If one assumes that the intracortical interactions have a longer range than intracollicular, one expects that the global retinotopy is recovered in cortex even in the absence of global positional cues. Of course, in some cases flipped maps are expected (Fig. 6(B) ), since the overall map orientation is not determined by the correlated activity, at least, in this model. Such solutions may be suppressed by a small bias provided by weak remaining chemical cues or coupling with other modalities.
